Abstract. This paper presents a developed geometric approach for deriving the typologies and geometries of discontinuous double-shell domes in Islamic architecture. Common geometric attributes are created using a corpus of twenty one domes that were built in the Middle East and Central Asia, beginning from the early through to the late Islamic periods. An outline of the origin and development of the discontinuous double-shell domes and their morphological features are addressed. Using the al-Kashi geometrical essences, a four-centered profile as an initial shape is constructed based on new geometric parameters to deduce the geometric commonalities of the two aspects of formal language (typologies and geometries) of such domes. Common geometric prototypes for typical profiles shared by the study cases are generated and formulated according to a proposed system. The theoretical frame work for the formal language of discontinuous double-shell dome architecture is structured to indicate a moderate development of this sort of Islamic domes and highlight the specific geometric relationship between the Islamic domical configurations and practical mathematic rules for many decades. It can also be established a basic approach for considering the geometric compositional designs and the typological derivations of the other eastern domes.
Introduction
It has generally been recognized that domes whether as single domical buildings or in large complexes of buildings, have played significant role in Islamic architecture. They are different considerably in sizes and types. The double-shell domes included the majority of Islamic domes and had gradually developed from the early Islamic epochs through to the late Islamic era. An Islamic or eastern double-shell dome, which is defined as the dome whose two shells have noticeable distances, is the matter of this paper.
The developed four-centered profile with newly geometric constitution, including the variances in angles, divisions, which have been relied on the al-Kashi geometrical essences, presents a novel method for deriving the diverse typologies and geometries of discontinuous double-shell domes. Using this method, geometric properties and compositions of the eastern domes can widely be considered.
The discontinuous double-shell domes increasingly demonstrate the high level of development of the Islamic dome architecture in the Middle East and central Asia. They display a formal language encompassing geometric concepts, typologies variations, and morphological constitutions. These possess the specific geometric entities of the domical formations that represent the physical link between practical mathematic and their architectural expressions in order to emphasis the meaning of 'centrality' in the Islamic architecture. The typological structure underlines the diversities of the discontinuous double-shell domes that can be geometrically analyzed and syntactically systematized for formulating a comprehensive compositional language. It also helps understand the styles and aesthetic principles of these domes in Islamic architecture.
Despite several existing studies about the Islamic domes and their relative meanings, the discontinuous double-shell domes still do not have completely known architectural morphology, typology, geometrical context, and even associated terminologies.
The study of characteristics of the discontinuous double-shell domes and geometric thoughts can be manipulated to give contemporary meanings to the traditional designs and principles of the Islamic dome styles. Also, the developed geometric method has the potential to be used analogically in analyzing and understanding the essences of different sorts of the eastern domes.
This present paper contains the following parts: 1) a brief outline of the origin and development of the discontinuous double-shell dome in historical architecture; 2) a brief elaboration of the Islamic mathematician's contributions and the al-Kashi geometry essences; 3) an exposition of derived morphologies of the discontinuous double-shell domes; 4) derivations of their typologies, geometric designs, and associated drawings of such domes according to the developed geometrical method; and 5) a brief discussion on their common construction methods and techniques.
2 2 Background 2.1 Historical outline of the origin and development of the discontinuous double-shell domes in historical architecture Generally in Islamic architecture, the regional terminologies used to name the distinct building functions include qubbat (in Arabic), gunbad (in Iran and Afghanistan), gumbaz (in Uzbekistan), and kumbett (in Turkey). They are normally referred to the most distinguished forms of these domes in the Middle East and Central Asia.
After the introduction of the wooden domes in the near East, such as Sion church (456-460 A.D.) in Jerusalem and the dome of Rock (621 A.D.) before and after the coming of Islam [Smith 1971 ], thousands of masonry domes were built in this realm. The absence of sufficient literature and meanings to assess the existing evidences had regularly frustrated investigations about the Islamic domical styles and their architectural configurations divorcing from their ancient and pre-Islamic origins. Nevertheless, the Islamic domes certainly influenced on the Western domical architecture in the nineteenth century [Grabar 1963; 2006] .
Morphologically, in the construction of the eastern domes, the shell(s) can be put together in three different ways ( fig.1 ). These include one shell (the earliest type of the eastern domes: (OS-Type 1 and OS-Type 2), two shells and three shells [Hejazi 1997] . However, few samples of these triple shells that emerged in comparison to large numbers of the other sorts can thus verify its origin from the double-shell domes [Grangler 2004 ].
Regarding the double-shell types, two subdivision groups have been defined based on how these two shells are composed together. They are the continuous and the discontinuous groups.
In the continuous double-shell domes, sometimes, there exists no considerable distance between the shells (CD-Type 1), or they are connected by brick connectors (CD-Type 2), but very often the distance between these shells are small (CD-Type 3) [Hejazi 1997 ]. It could thus be said that the continuous two shells domes are called 'evolving' from the one shell domes to the two shells domes in the Islamic dome architecture development. The constructions of the one shell dome were continued up to the late Islamic era [Stierlin 2002 ].
In the discontinuous double-shell domes, there are considerable distances between the two shells. The discontinuity may start either from the base (DD-Type 3) or from the top of the drum (DD-Type 1 and 2) [Hejazi 1997 ]. This is considered higher than the other types of the Islamic domical typologies (DD-Type 2; TS-Type 1). Fig. 1 . Illustration of the Islamic dome typologies according to the composition of their shell(s), after [Hejazi 1997] One of the main advantages of discontinuous double-shell domes' structure is the separation the weathering surface from the internal shell and thereby, substantially giving improved weather protection [Mainstone 2001 ]. Structurally, the weight of a given overall breath of construction is reduced when using the light shells. In fact, its construction method was also extremely successful, despite the seismic conditions in the Middle East and central Asia [Hejazi 2003; Farshad 1977] .Architecturally, it permitted an increase in the external size and height of the dome thereby making it more imposing without the necessary increase in its internal height which improved its aesthetical meanings and splendors [Hillenbrand 1994; Michell 1978] . Mechanically, the internal shell boost sound-reflected compared to the other types of the eastern domes. Any whisper on one side of the domical chamber is easily heard because of its specific shape. This principle is also applied to all forms of energy under the internal shell [Irfan 2002 ].
Overall speaking, the discontinuous double-shell domes as a vast group of Islamic domes, in retrospect, resulted in the fairly continuous developments of generous proportions in dome practice in order to reach the meaning of 'centrality' in the Islamic architecture [Michell 1978 ].
Historically, the most constant practices were not appeared up to the eleventh century by the Seljuks architecture. Their architectural contributions and movements involved innovative characteristics of various types of mausoleums [Creswell 1958] . They showed enormous variety of appearances including octagonal, cylindrical (also called tower, see fig.2a ) and square shapes ( fig. 2b, 2c ) topped with two types of discontinuous two shells: 'conical' roof formations (especially in Anatolia and Persia) or pointed' shapes (in Persia) [Saud 2003 ]. Nevertheless, the main origin of these compositions is the earlier tower tombs of that area, especially, the prominent Gunbad-e Qabus at Gurgan (Iran, 1007 A.D.) [Saud 2003 ]. In the conical roof (shell) cases, stone slabs or brick layers rested on the lower roof (shell) with some internal voids for reducing the weight and protecting the lower parts [Mainstone 2001 ]. In some cases, the tomb towers are topped with pointed shells. The earliest known of such discontinuous double-shell domes were a couple of eleventh century Iranian tomb towers ( fig. 3 ). Both the internal and external masonry shells have similar thickness and profiles as well as were composed without internal connections and interconnecting wooden struts [Mainstone 2001 ]. Nevertheless, these tomb towers demonstrated primary efforts in designing a conflict between the external appearance of the domes and its aesthetic interior space in this period.
Another typical building typology, which showed considerable development under the Seljuk patronage and were exceedingly used by Mongols later, is the domed mausoleums were regionally built based on the developed architectonic configurations in Greater Khorasan (now divided between Iran, Afghanistan, Tajikistan, Uzbekistan, and Turkmenistan countries; see fig 4) . Their structures consist of two cube-shaped stories topped with huge dissimilar two shells domes [Pope 1971 ]. Study of the damaged external shells of these pointed samples demonstrated the lacks of structural knowledge and information of the proportional design. Fig. 4 . Two stories Seljuks mausoleums; a) Anonymous mausoleum, Khorasan, Iran [Memarian 1988 ]; b) Mausoleum of Sultan Sanjar (before conservation), Merv, Turkmenistan [Hoag 2004] After the severe architecture degeneration, which was caused by the Mongol's invasions and their successor's, Timur (that produced a gap in the dome construction evolution), the material culture of the Middle East and central Asia flourished again through Ilkhanids (in Iran) and Timurids (in Uzbekistan) [Stierlin 2002 ]. Architects and artists from Asia Minor, Azerbaijan, the Caucasus, India, Iran, and elsewhere were compelled to help the constructions of the often colossal state buildings for both sacred and secular purposes [Michell 1978 ]. Subsequently, these were characterized by the resemblance a huge of monumental discontinuous double-shell domes throughout this realm. While the Ilkhanids domes were extensively built for the funerary usages, but the Timurids domes were regularly attached to madrasa (religious school) and were often in pairs instead of erecting on freestanding mausoleums and mosques [Hillenbrand 1994 ].
In this regard, the dome over the Sultan Bakht Aqa mausoleum in Isfahan (1351-52 A.D.) was the earliest known example of the discontinuous double-shell dome where the external and internal shells substantially exhibited in different profiles with radial stiffeners, as shown in fig. 5 [O' Kane 1998 ]. The dome of Sultaniya complex in Cairo which were likely erected by Sultan Hasan about thirteen century, believed that is the origin of formation of the Sultan Bakht Aqa tomb. Nevertheless, the use of internal stiffeners between its two shells can be demonstrated its Persian origin [O'Kane 1998 ].
Consequently, the dome architectures were rapidly incorporated and altered into local styles after the Timurids epoch by appearing three specific local dynasties [Hillenbrand 1999] They were dominated by the skilful use of diverse building materials (vernacular architecture) and well-developed construction techniques which existed in each region ( fig.7) [Michell 1978] . At last, the application of innovative approaches in the Islamic domical constructions became less important in the Middle East and Central Asia in the middle of the late Islamic era. The constructions of Mongolian domes, however, survived longer up to the end of late Islamic era in India [Stierlin 2002 ].
The most common prototype of discontinuous double-shell domes consists of the external shell (the most importance component and the most visible part of dome), high drum, internal shell, and radial stiffeners within the wooden struts. The latter was used to fill the space between shells as well as integrating the whole components ( fig. 8) . . The distinct configurations of the discontinuous double-shell domes; a) Turabek Khanum tomb, Seljuks, Uzbekistan. After [Hillenbrand 1994 ]; b) Gur-e Amir Timur, Timurids, Uzbekistan. After [Hillenbrand 1994 ]; c) Shah mosque ( Masjid-e Imam), Safavids, Iran. After [Stierlin 2002] 2 2.2 Historical background of the mathematicians' role in the design of Islamic domes
In an aforementioned development treatise of the Islamic discontinuous double-shell domes, the role of the mathematicians can not be overlooked. Overall speaking, the Islamic mathematic in contrast with the Greek mathematics can also be called "the mathematics of practitioners due to close relationship of theory and practice [Özdural 2000 ]. Its proper demonstration can be derived from the works of al-Buzjani's student who recorded contexts of his meetings with master builders and architects to discuss solutions to construction problems [Özdural 1995 ].
The locations of Islamic mathematic scientific centres were in the present-day Iran and Iraq. The main used languages by mathematicians for writing mathematical treatises were "Persian" and "Arabic" (principle language like Latin in Medieval Europe), and "Turkish" (more translation versions). Because of this, it is often called "Arabic mathematics". It is interesting to observe how the mathematicians had to take into consideration the master builders' objectives for using geometry in design as well as how the artisans had to realize the differences between precise and approximate approaches [Katz 2007 ]. In fact, the main efforts aimed to define and formulate 'an exact geometric method' rather than to determine certain proportions, not only for the dome designs, but also for the arches and vaults compositions.
The primary textual signs of their assistance can be seen in the Ismail Samanid mausoleum in Bukhara which was built in the early Islamic era ( fig. 9 ) and its formation was entirely designed by the geometrical principles of three celebrated mathematics: alKhorezmi, al-Fargani, and Ibn-Sino [Askarov 2007; Pope 1971] . Fig. 9 . Geometric design of configuration of Ismail Samanid mausoleum, Bukhara, Uzbekistan [Pope 1976] A descriptive geometry method was used by Abu Sahl al-Quhi (circa. 1000) for projecting circles on the sphere into the equatorial plane. Then, he rendered them back onto the sphere in an outstanding visual manner. However, it would seem that he was not interested in the practical mathematics [O'Connor and Roberstson 1999] . Another known text is Kitab fi ma yahtaj ilayh al-kuttab wa'l-ummal min 'ilm al-hisab (a book on the geometric constructions necessary for craftsmen), which was written by Abu'l-Wafa Buzjani (circa. 1000) for practical use. Although neither the specific domical geometry nor the related information was mentioned in this book, his particular geometric methods have helped solve problems by simply using a ruler and a fixed compass [Jazbi 1997 ]. The long absence of developments during ca. 1000 until ca. 1400 was the result of the genocide of scientists by Mongols and Timur troops [Stierlin 2002 ].
The Buzjani method was developed by the celebrated al-Kashi mathematician (1390-1450 A.D.) to create the practical geometry for a variety of dome constitutions. Ghiyath al-Din Jamshid Mas'ud Kashani (al-Kashi) ranks among the greatest mathematicians and astronomers in the Islamic world. By far his extensive book is Key of Arithmetic (Book IV), on "Measurements" where the last chapter, 'measuring structures and building', was written for practical purposes by using geometry as tools for his calculations [DoldSamplonius, 1992 , see fig. 10b ]. Dold-Samplonius has discussed the several aspects of the al-Kashi calculation principles. They include his good specific methods in approximating the surface areas and the volume of the shell forming of the qubba (the dome). She elaborated his five methods for drawing the "profile" of an arch from the al-Kashi' s Key of Arithmetic ( fig.   11 ) [Hogendijk and Sabra 2003; Dold-Samplonius 1992] .
The first and second approaches addressed the design of a three-centered profile (centre points o, p, and q) according to the divisions of the circle into six parts (approach 1) and eight parts ( fig.11 , approach 2); The third approach illustrated a four-centered arch which was drawn based on the construction of a rectangle abpq under the span line and division of the span line into eight parts ( fig.11, approach 3) ; The fourth and fifth approaches depicted the geometries of two-centered arches based on either the division of the span line or the construction of rectangle abpq under the span line ( fig.11 , approaches 4 and 5).
On the geometrical point of view, the essences of al-Kashi drawings, which were frequently employed for designing different types of arches, vaults, and domes [DoldSamplonius 2000] , can be listed and concluded as follows:
Using the variety of procedures of the division systems (divisions of circles in the approaches 1 and 2, the specific constructions of rectangles under the span line in the approaches 3 and 5, division of the span line into particular parts in the approach 4) in order to get the centre points and for drawing the appropriate shapes of arcs. The upper part of the profile (third and forth arcs) clearly showed a longer radius compared to the lower part of the profile (first and second arcs). Centre points of these arcs are located far from the profile than the lower part; Employing the different types of profiles (two-centered, three-centered and fourcentered) for designating the distinct types of the arch profiles for various building usages.
3 3 The developed geometric method for analyzing geometries and typologies of the discontinuous double-shell domes A comprehensive geometric method with new parameters is required to be utilized as a tool, not only for analyzing the configuration patterns of the various types of discontinuous double-shell domes, but also for proposing a frame work in defining a formal geometrical language for the different typologies of such domes according to their initial profiles and geometric parameters. Subsequently, the external shell as the dominant feature of such domes, which embraced the employed practice geometry and presented typological features of such domes, is object of this stage of investigation. Nevertheless, it is also necessary to generate the internal shell profile for deriving its geometric variations and indications.
The key in understanding the geometric composition of the external shell is mainly dealt with studying the dome cross-section when its thickness diminished [Huerta 2006 ]. This so-called 'profile' forms the basis of the dome geometric design. It consists of four small arcs, namely, the lower part (first and second arcs) and the upper part (third and fourth arcs) ( fig. 12a, b) . Its fundamental properties consist of the 'span' and the 'rise'. The horizontal distance between the two supporting members is called the span whilst the rise is the vertical distance from the middle centre of the span line to the tip of the profile ( fig.12b) . The span is the origin and fundamental to all the rules for obtaining the proportion values.
The al-Kashi geometric approaches were used for designing common shapes of profiles of arches, vaults, and domes at that time, and hardly covered the majority of geometrical designs of the Islamic domes compositions with their different attributes at various periods. Nevertheless, the al-Kashi four-centered profile has the potential to be enhanced extensively through the expansion of the three geometrical parameters, including the location of the first and second arcs, the location of the third and forth arcs, and the positions of the breaking points.
On the other view, the frame work of the four-centered profile can be developed as 'a general initial shape' of the dome context. It is defined to provide the flexibility in its shape (or small arcs' curvatures) through the application of the following essential definitions ( fig. 13 Note that the string "var", which means 'variance' in the drawings, is a specific dimension or distance for having varied parameter on the specific direction. This function helps in the flexibility of the analysis and in defining the rules for generating common prototypes for the given typologies' profiles.
The given lengths in this system should divide by two for obtaining the vertices i, g, p, and q of the proposed rectangles. In fact, the obtained vertices are symmetrically calculated and positioned on the both sides of the vertical axis.
4 The morphological features of the discontinuous double-shell domes in the Middle East and Central Asia 4.1 Case studies
In order to define typologies of the discontinuous double-shell domes and to derive the associated geometric profiles, a sample of twenty one cases were investigated in the Middle East and Central Asia, including domes in Afghanistan, Iran, Azerbaijan, Turkey, Kazakhstan, and Uzbekistan. The architecture chronology of the eastern dome with their highlighted study periods is shown in fig. 14. The studied periods and the selected dynasties are particular causes for developing the dome configuration design that it never surpasses into the other periods later on. Fig. 15 exhibits twenty one assorted examples of the discontinuous double-shell domes according to their studied dynasties. 
Common morphological features of the discontinuous double-shell domes
In general, the discontinuous double-shell domes expose logical designs, with dynamic articulations of distinct proportional components. They were extensively erected in the mausoleum buildings rather than whether the mosques or madrasas which are increasingly typical buildings of the late Islamic era.
As a result of the analytical analysis of the case studies, the common identical components of this type of the Islamic domes are morphologically addressed and listed as follows:
External shell: this is what appeared from the outside of the dome buildings. It is the only architectural item which was conceptually found in synonymous during the several Islamic epochs. Its thickness is proportionally reduced from its base to the tip at either 25° or 30° angles;
Nexus Network Journal -Vol.12, No. 2, 2010 301 Fig. 15 . Classification of selected samples based on the dynasties studied Internal shell: this covered the internal domical chamber and has a simple geometric formation compared to the external shell. In fact, it is necessary that its geometric shape fully conformed with the external shell for transferring forces from the upper components to the transition tier in order to stabilize the dome structure.
Drum: Considerable thoughts and efforts were often given by the designers to make the building as high as possible using the tall drum. In fact, the discontinuous double-shell domes are considered as one of the highest samples of the eastern domes, with an average height of 30-35 meters from the ground. Its thickness must be sufficiently massive in order to transfer and neutralize the vertical thrust of the external shell to the lower items, especially, the internal shell;
Internal stiffeners with the wooden struts: these are architecturally specific characteristics of such domes (except for the conical samples) called, 'the composition of the radial brick walls with the wooden struts'. Generally speaking, they were built in the space between the two shells for the main purpose of filling the empty spaces and to support the external shell. The radial walls are divided into two types of primary and secondary (smaller than primary ones, see fig. 16 , a1-2). A different number of the radial walls observed were 4 (Sultan Bakht Aqa, first sample), 6, 8, 14, to 18. Their heights also varied from 8 to 15 meters. Their settings and sizes strongly affiliated with the size of the span. The walls thickness is also changed, but not less than 40 cm has been seen ( fig. 16, c-3 ).
It is necessary to say that the arrangement of the internal stiffeners and their numbers have often been altered ( fig. 16, c1-2) as a result of conservational interventions, such as replacement of the wooden struts with steel meshes or even removal of the wooden beams ( fig. 16, b1, 2, and 3) . Nevertheless, these removable wooden struts have basically set into the devised holes located on the thickness of the brick radial walls (stiffeners).
They are arranged compositionally based on the vernacular architecture agreements. For example, the vertical wooden posts were often seen in the Iranian samples ( fig. 16,  d1, 2) . However, the pairs of the small wooden pieces, which are connected the radial walls to the drum's body, are the predominant features in the Uzbekistan, Turkmenistan, and Afghanistan ( fig. 16, e1, 2) . 5 5 The generative system for derivations of typologies and common geometries of the discontinuous double-shell domes
Samples analysis approach
Islamic domes, however, present a wide variety of sizes and types, but some geometric properties were repeatedly used in their composition designs. Nevertheless, no two samples are exactly the same. Visually, the analysis of the external shells of samples revealed three classifications of typologies including, conical, pointed, and bulbous which embrace the different geometrical properties and architectonic characteristics.
In primary stage, the computation process of the samples started with generation of both (external and internal) shells profiles as shown in stage 1 of fig. 17 . In order to categorize the derived profiles of the external shells into the identified typologies, in what follows, the three shape-patterns of those typologies are mainly elaborated and schematically designed:
Conical pattern: it is a triangle which is circumscribed by a rectangle;
Pointed pattern: it is the feature whose lower arcs (the first and second arcs ) are tangent to the two vertical lines passing from the end points of the span line; and Bulbous pattern: it is the prototype where the vertical lines intersected the lower arcs (the first and second arcs).
These patterns helped not only to distinguish between the pointed and bulbous profiles but to understand also some geometric properties of the deduced profiles constitutions which included location of the centre points of the lower arcs and proportions of rise to span of the conical samples.
In the second stage, after categorizing profiles in the exact typologies, their geometric parameters, proportions, angles, and breaking points locations were respectively deduced to identify the typical attributes of each typology. Fig. 18 . Systematic geometric analysis of the conical typology samples. Cross-sections after: [Hillenbrand 1994 ]; [Stierlin 2002] ; [Pope 1971] ; [Memarian 1988 In the third stage, the common geometric prototypes (see fig. 13c ) of the identified typologies are systematically generated from the initial profile, based upon the derived geometric parameters from the samples of every typology. These common geometric prototypes have also the potential to alter into the variations of subsets according to the diversity of values that might be exited in parameters of each group of the identified typologies examples.
Subsequently, the geometrical drawing steps of sample profiles were drawn, not only to emphasize advantage of the proposed system, but also to verify the common geometric prototypes. Using this method, any complex compositions of the dome conceptualisms can be generated by employing additional values. They can be drawn based on the elaborations of an analogous drawn profile of the discontinuous double-shell domes (explained in following sections) in the modern language.
Variations in sizes and formations of Islamic domes expose a problem in generalizing the typologies of the designs. Diversity in the shell formations due to conservational interventions or other reasons are disregarded, even if, the developed initial profile parameters are able to analyze their configurations. Slight inconsistencies in proportions and angles are also ignored so as to assist more beneficial discussions on the classifications of the common typological designs as well as to derive their common geometric designs. Note that to prevent repetition of example's names during the analyzing process, the association numbers, which marked boldly under their pictures (see fig. 15 ), were used.
5.2 Conical Typology and Geometry
In spite of the complicated curvature characteristics of the pointed and bulbous profiles, the external shell of the conical type exhibits a simple profile constitution. In the primary stage, according to its shape-pattern definition, it is an isosceles triangle circumscribed in a rectangle in such a way that one vertex is positioned on the middle of its side. In the second stage, the edge ab in cases of the hexagonal prism forms (see fig.  18 , cases 4 and 1) is divided into three equal parts (1/3 s).
In the third stage, common prototype of the conical typology ( fig. 19 ) of the discontinuous double-shell domes is logically generated by the ratio of the rise/span, called n, where n {1, 5/6, 7/8}: n=1: depicts the equal amounts of the span and rise; n< 1: means the smaller values of the rise in compared to the span. Depending on the design requirements and preferences, the forms of the internal shell showed variations, even more than the pointed and bulbous examples such as, semicircular (case 6), saucer (cases 2, 4, and 7), and several shapes of the pointed form with distinct geometrical properties including, the two-centered (cases 3, 5) and the fourcentered (case 1) forms. In the pointed cases, the geometric parameters of profiles are systematically formulated based on the proposed system, which can facilitate their drawing steps, as follows: The drawings of the conical external shell profiles are limited to the designation of triangles and rectangle, while the drawing steps of their internal shells with the pointed profiles fully conformed to the pointed typology that would be comprehensively elaborated in the next section.
No specific developments were discovered following the considerations of geometries and the architectonic compositions of the Seljuks mausoleums, except for the domical buildings which were partially reconstructed in the Timurids era.
5.3 Pointed Typology and Geometry
Historically, the pointed typology contained most number of the discontinuous double-shell domes in the Middle East and central Asia. In the primary stage, using the shape-pattern definition of this typology, if samples' lower arcs (primary and secondary) are tangent to the two vertical lines passing from the end of span, then the generated profile is categorized in this group.
To embrace such a property, the centre points of the lower arcs (first and second arcs) have to be set on the span line, meaning that gg =ii = In the second stage, as the results of the geometrical analysis of the examples, three subsets of the pointed profiles have been recognized and configured according to the number of their centre points ( fig. 20) : Fig. 20 . Systematic geometric analysis of the pointed typology samples. Cross-sections after: [Hillenbrand 1994 ]; [Stierlin 2002] ; [Pope 1971] ; [Memarian 1988 Two-centered profile: The case 11 was analyzed based on the al-Kashi method and organized using the parameters of the new system: Therefore, based on the foregoing epistemological syntax of geometric variables, any kind of the pointed typologies of the Islamic discontinuous double-shell domes can be organized using these geometric indications.
Furthermore, according to the variance in heights of the rise, the external shells of this typology can also be categorized into shallow (see fig. 22 , case 10), medium (cases 11, 13, 14, 19 and 20) , and sharp (case 15). This property fully conformed to the scale of the rectangle ppand the values of angle .
The internal shell forms are recognized as semi-circular (cases 10, 14, and 20), semiellipse (cases 19y and 15), pointed (cases 11 and 13), and saucer forms (case 19z). On the other perspective, the presented analysis approach with its systematical presentation tool not only can utilize as the syntax elaboration of the geometric arrangements of the external shell of the discontinuous double-shell domes, but it also has the potential to compose any sort of the pointed features, such as the internal shell in given typologies as follows (see fig. 20 which is considered as most common geometric attributes of the pointed samples, has been selected. Note that the same method can also be adapted to draw any sort of geometric prototype of the pointed profile. The construction of the sample is thus ( fig.  23 ):
S
Step 1: The baseline ab as span is constructed and divided into 8 equal parts. The point O is set on the 1/2ab. The points i and g (named the centre points of the first and second arcs) are marked symmetrically on the 1/8 ab from the point O.
Step 2: By setting the compass on the points i and g, two circles can drawn.
Step 3: The breaking points basically occurred at the angle of 30° from the point O for gaining points a and b . The centre points of the upper arcs, p and q were obtained by constructing the rectangle pqp q under the span line, where p q =pq=6/8ab (marked systematically on the 3/8ab from the point o) and pp =qq =7/16ab, as is shown in fig.23 .
Step 4: The compass is positioned on the point q and with the radius qa , the final circle is drawn. The procedure is repeated with the compass placed at the point p with the radius pb .
The exhaustive geometrical considerations and formulations of the samples of pointed typology demonstrated the superior architectural development of this type of the discontinuous double-shell domes. This might mainly occurred due to the relationship of the mathematicians' collaborations and the architect's artisans in the medieval Islamic era.
5.4 Bulbous Typology and Geometry
The bulbous dome (also, named 'onion' in some literature; cf. [Grabar 1963; Michell 1978; Stierlin 2002] ) is the most prominent shape of the discontinuous double-shell domes and the last generation of the Islamic domes which were appeared, especially, since the Safavids dynasty (after the sixteenth century) in the Middle East and central Asia. Their external shell has a longer diameter than the drum that it rest on and its height value (rise) usually surpass its width (span).
In the primary stage, according to its shape-pattern definition, the vertical lines passing from the end points of the span should intersect the first and second arcs. To embrace such a property, the centre points of the lower arcs have to be placed on the rectangle ii gg , constructed above the span line.
In the second stage, because no clear angle values have been recognized, the breaking points were calculated depending on certain coordinates B=(m 3 /n 3 ab,0). These coordinates' values marked the locations of the perpendicular lines, a a and b b , which are calculated from the end points of span.
In the analysis of the samples, the following subsets for the bulbous profiles were deduced and formulated based on the geometric variable indications ( fig. 24) : Fig. 24 . Systematic geometric analysis of the bulbous typology samples. Cross-sections after: [Stierlin 2002 ]; [Memarian 1988 Using the premise parameters of the above formulation, any subset of the bulbous conceptualism can be generated by applying different values.
Additionally, according to the variance in heights of the rise, the external profiles can also be categorized into shallows (cases 8, 12, 16) and sharps (cases 17, 18, 21) ( fig. 26 ). They are fully affiliated to the scale of the two rectangles, pqp q and igi g . Architecturally, the internal shell formations have been found that resemble the pointed typology in most cases, such as the saucer (case 8), semi-elliptical (cases 12 and 18), and semi-circular (cases 16 and 21) forms. However, bulbous geometric attributes (case 17) did not show the developing configuration compared to either the conical or pointed typologies. The geometric parameters of this sample can be set out as follows:
The bulbous profile of the case 12 with the geometric indications was selected for the verification of common geometric prototype of bulbous. It is interesting to say that the same approach can be used for drawing any kind of the bulbous profiles. The construction of the bulbous profile is thus ( fig. 27 ): S Step 1: The base line of the span, namely, ab is constructed and then divided into 16 equal parts. The point O is set on the 1/2ab.
Step 2: The rectangle igi g is then marked out symmetrically on the 2/16 ab (length) and 1/16 ab (width) from the base point O, constructed above the span line. By setting the compass on the points i and g, two circles are respectively drawn.
Step 3: To get the breaking points a and b , two perpendicular lines are drawn from points a and b which are located on the 1/16ab from the end points of the span.
Step 4: The rectangle ppis then constructed under the span line in order to get the centre points of the upper arcs, p and q. By setting compass on the point q and with the radius qa', the third arc is drawn. This procedure is repeated with the compass placed at the point p and the radius pb for drawing the fourth arc as shown in step 4 of fig. 27 .
Construction Method
Most domes were constructed from less flexible materials, such as stone, mud brick and baked brick. Some times, brittle ceramics were utilized, not only to embellish the exterior faces of the external shell and the drum, but to prevent the penetrations of rain and snow. The common method for erecting the discontinuous double-shell dome involves the building of half of the internal shell within the main roof. The drum and the stiffeners were then built together on the lower components. The last task is to close the external shell and to set the wooden struts in the devised holes between the radial walls ( fig. 28d) . Nevertheless, it was impossible to continue using the same construction method near the apse of both the shells where the empty oculi were remained. Therefore, the rows of bricks were arranged vertically ( fig. 28c ) at these parts. The oculus of the internal shell is the last task of construction. The construction techniques for arranging the brick layers varied depending on the eastern domical types.
In bulbous and pointed typologies, the directions of the bricks' rows are almost always perpendicular to the generated curve of the dome surface ( fig. 28b ) in both the external and internal shells. The thicknesses of both shells were also gradually reduced at whether 22.5 or 25 angles for decreasing weights of the shells (except for the external shell of conical samples). In the conical external shells, bricks rows are arranged with their horizontal directions in such a way that the bricks in the upper row are precisely laid on the half part of those in the lower row ( fig. 28a) . Similarly, the construction techniques of internal shell of the conical typology fully conformed to that of curvature's typologies.
C Conclusion
The discontinuous double-shell dome is defined as the dome whose shells have considerable distances. The discontinuous double-shell domes presented the high level of design and configuration in the Islamic dome architecture in the Middle East and Central Asia. They also included the majority of typologies of the Islamic domes from the early Islamic era through to the late Islamic epoch.
The present research involved a new frame work that, not only identified systematically morphological features and typologies variations of the discontinuous double-shell domes, but also offered the analytical understanding of their geometrical prototypes and related parameters which can be appeared in the designs of the Islamic dome architecture during various eras.
Based on the essences of the al-Kashi geometric approach, a theoretical frame work was geometrically developed in order to exhibit the geometric principles of compositions of the discontinuous double-shell domes. By using the developed initial profile with its defined parameters, the formal language for the discontinuous double-shell domes has systematically been specified. It included: redefinitions of identified typologies, classifications of the typologies subsets according to their heights variations, derivations of internal shell forms and their geometric indications. Twenty-one samples of the discontinuous double-shell domes, which were built in the Middle East and central Asian countries, were subjects of this analysis.
Four main components morphologically recognized such as, the external shell, the internal shell, the drum, and the internal stiffeners. Three main typologies of such domes have geometrically derived and redefined including, conical, pointed, and bulbous. Three subsets for the pointed and bulbous typologies have commonly derived based on their external shells heights such as, shallow, medium, and sharp.
The biggest challenge was the creation of flexibility in configuring the initial profile, especially, in locations of its breaking points that allowed the possibilities of covering various dome designs. The results geometrically included two optional characters for the breaking points.
The generated initial profile with its developed geometrical parameters, and the proposed system, has the potential of offering a unique computational method for the design analysis and geometric derivations of the Islamic domes, such as the Mongolians, one shell domes, etc. Simultaneously, the results of this systematic geometrical analysis could be recognized by using whether shape grammar or genetic algorithm, not only to generate any kind of the Islamic domical configuration, but also to develop a more advanced archive and retrieval system for similar data.
